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1. Introduction

This is a survey paper on a part of author’s publications, referring to the dif-
ferentiation and integration of an arbitrary order of the Bessel type functions.
In the beginning we consider both the classical Bessel functions of the first
kind and the Bessel-Clifford functions, which are closely related. The first are
defined by the series

o (SDF(z/2)77 .
JV(Z)_ék!F(k—I—V—I—l)’ z€C\ (—o0,0]; v €C, (1)

and the second, which are entire fun(;ctior}gs, are defined by the power series
o (=D*(2)
v = ) ) . 2
Cy(2) ;k!r(myﬂ) 2€C,veC (2)

Originating from concrete problems in mechanics and astronomy, these func-
tions have plenty of applications. In that reason they both have various gener-
alizations with more indices (parameters).

In contrast, the Mittag-Leffler functions, which are entire functions, defined

by the power series

Sk

B, 5(2) = kz_o Tohtp (€CafeC Re(@>0),  (3)
originated from a purely theoretical problem connected with an analytical con-
tinuation of a function. Arising in the beginning of 20th century (initially as
E,(z), for p = 1) they remained unremarked and unused for a long time (almost
for a half of century). Nevertheless, nowadays they also have numerous gen-
eralizations, related to applications in Fractional Calculus (FC) and fractional
order differential equations and systems.

2. Generalizations of the Bessel functions

Here we consider the generalizations of the Bessel and Bessel-Clifford functions
with two, three and four indices, or briefly said Bessel type functions. We begin
with the entire functions
. (=2)"
JH(z) =
v (2) ];)k! T(uk+v+1)

2€C;veC and p>—1, (4)

introduced by the British mathematician Sir Edward Maitland
Wright [26] and known in the literature as Bessel-Maitland functions (named
after his second name). Wright firstly introduced them for p > 0 and on a
later stage, studying the asymptotic behavior of the Bessel-Maitland functions
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for large values of |z|, he extended their definition for p > —1 ([27], see also
[13] and [14]). Let us mention, that for 1 = 1 the Bessel-Maitland function
becomes Bessel-Clifford function, i.e.

Cy(z) = JH(2).

We also consider the generalized Bessel-Maitland (or Bessel-Wright) functions
with 3 parameters (introduced by R.S. Pathak [22]):

- o (=1)F(z/2)%*
T (2) = (2/2)"*? kzo Tlk+o+)l(pk+o+v+1) (5)

z€C\ (—00,0]; r,oeC, u>0,

and along with it
- (=2)"

19 — pV/2to
Iy (2v2) = 2 kzor(k+g+1)r(,uk+a+u+l)’ (6)

z2€C\ (00,05 v,oeC, u>0.

At last, the 4-index generalizations (Prieto and all [24]) are given by the formula
o0

1,m _ v+20 (_1)k(z/2)2k
T @) = @/ kzzo T(k+o+1))"I(pk+0+v+1) (7)

z€C\ (—-00,0]; v,0eC, p>0 meN,

and along with it
- (=2)"

wm 2) = Zl// o
i (2v7) o kz:% (T(k+o+1)"(pk+0+v+1) (8)

ze€C\ (—-00,0]; roeC, pu>0, meN.

It is easily seen there is a simple relation between the two-index Bessel—
Maitland functions J}'(z) and the generalized Bessel-Maitland functions with
3 indices, namely

Jiz) =2 I (2vzE), 2#0veC, >0, 9)

and in particular, for ;4 = 1 the relation is between C, and Jz},o =J,, ie.
Co(z)=2"""2J,(2v/2), 2#0,veC. (10)

Studying the properties of the functions, mentioned above, integrals and
derivatives of an arbitrary order of them are found. As a result, different
interesting relations between these integrals and derivatives and functions of
the considered kind are often obtained. The corresponding special cases for
the Bessel functions of the first kind (1), Bessel-Clifford functions (2), and
Mittag-Leffler functions (3), merely follow as corollaries. Such type of results
are also obtained for other Special Functions of Fractional Calculus, for more
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general functions see e.g. [7]. Various useful results for the generalized fractional
calculus operators of special functions are given in the interesting paper [11]. A
part of the results connected with the 2-parametric Bessel-Maitland functions
are directly obtained by the author in [21]. Other type of properties for the
functions families of the kinds (3) and (11) can be seen in the survey papers
[17] and [18] by the author.

3. Generalizations of the Mittag-Leffler functions

Regardless of their purely theoretical origin, nowadays the Mittag-Leffler func-
tions enjoy many generalizations and wide applications. Among them is the
3-parametric Mittag-Leffler function

s k
B =Y -k = C; C, Re(a) >0), (11
a7ﬂ(z) ;} F(ak+/8) k' (ZE ) a?ﬁ)’YE ) e(a) )7 ( )
introduced by Prabhakar [23] and known in the literature also as the Prabhakar
function. It is clear that

Eq p(2) = Ea,5(2),  Eq1(2) = Ea1(2) = Ba(2).

Other generalizations are the multi-index Mittag-Leffler functions. First
of them is the multi-index Mittag-Leffler function with 2m parameters (m =
1,2,3,...):

0 k
—_m <

Ewy.8)(2) = E N (51(2) = :
( 1)7(/82)( ) ( 2)7(51)( ) ]gZO F(a1k+ﬁl)F(amk+ﬁm)

(12)

It was introduced by Luchko and Yakubovich [28] and Kiryakova [8] and studied
in details by Kiryakova [8, 10]. Originally defined for a; > 0 and f; arbitrary
real (complex) numbers, later its definition is extended for complex parameters
with Re(a;) > 0 (see e.g. [8] for the first case and the works [3, 4] for the second
one). For the applications of this class of special functions in the solutions of
fractional order differential equations and models, see e.g. in Kiryakova and
Luchko [12]. The survey by Kilbas et al. [5] describes the historical development
of the theory of these multi-index (2m-parametric) Mittag-Leffler functions as
a subclass of the Wright generalized hypergeometric functions ,¥,(z). The
method of Mellin—Barnes type integral representations allows these authors to
extend the considered functions and to study them in the case of arbitrary
values of parameters.

The next is the multi-index Mittag-Leffler function defined by means of 3m
parameters:
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() _ 3 - Om)e -
E(ai)v(ﬁi)( z) = (Olz Bi) z:;] [(a1k + ,31) T(amk + Brm) (k)™ (13)

(Z € Cv Qs 5’5» i € Ca Re(ai) > 0)?

and was introduced by the author in [16, 19]. It generalizes both the 3-
parametric Prabhakar function (11) and the 2m-parametric Mittag-Leffler func-
tion (12).

More precisely, taking m = 1 in (13), the Prabhakar function (11) is pro-
duced. If 994 = -+ = 7, = 1, then (13) is reduced to the 2m-parametric
function (12).

All of these listed functions can be expressed by the more general Wright
generalized hypergeometric functions ,V,:

(al, Al)...(ap, Ap) o
(b1, B1)...(bg, By)

»¥q (14)

B (a1 + kAy)...T(ap + kA, )U_
}_kzo (b1+k:Bl)... I'(b, + kBy) k!’

with A4; >0, B; >0,qa;, b, €C,i=1,...,m

4. The Bessel type functions as multi-index Mittag-Leffler functions

The Bessel functions and their generalizations are also connected with the multi-
index Mittag-Leffler functions. The relations between them are given in this
section.

Again, let v; = -+ = 7, = 1. A special case of (13) (for m > 2) is the
generalized Lommel-Wright function with 4 indices (¢ > 0,9 € N,v, A € C),
introduced by de Oteiza, Kalla and Conde (for details see [9]):

This is an interesting example of a multi-index Mittag-Leffler function with
arbitrary m = ¢ + 1, ¢ € N. It is clear that for a1 = p, ao =1, ..., ag41 = 1,
Bir=0c+v+1, po=0+1,..., Bg+1 = 0+ 1, the generalized Lommel-Wright
function can be expressed by the multi-index Mittag-Leffler functions (12) and

(13) as follows:
2

, v+20 (1,..,1), q+1 z
Td (2) = (/2" By ottt o (57
2
v4+20 +1 Z (15)
= (2/2)"" E((L 1,...,1), (a+zx+1,a+1,...,a+1)(_Z)’

z2€C\ (—-00,0]; v,oeC, u>0,
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respectively
) — 2+ (1""71)7q+1
Jll’ffg(2\/g) - ZV/ UE(,u,l,...,l),(a+u+1,0+1,...,0+1)(_z)
_ zu/2+0Eq+1 (_2)7 (16)

(w,1,...,1), (6+v+1,041,...,04+1)
z€C\ (—00,0]; v,oceC, pu>0.

Further, for g =1, a1 = p, as =1, By = o +v+1, s = 0+ 1, the equalities
(15) and (16) give:

2

_ 14 20’ (171) z
Jo(2) = (2/2) - E(u,l),(a+u+1,a+1)(_z)

2

V4

V49 17
= (2/2)"*? E(u,l),(a+u+1,a+1)(_Z)7 (a7
z€C\ (—00,0]; rv,oeC, u>0,

respectively
1% o 171
J,ﬁfU(Q\/E) = /%t E((u,1§,(a+y+1,a+1)(_z)
= ZV/2+O—E(,U,,1), (o‘+1/+1,0'+1)(_z)7 (18)

z2€C\ (00,05 v,oeC, u>0.

Additionally, if 6 = 0,i. e. forgq=1, a1 =p, a0 =1, 51 =v+1, fo =1,
the relations (15) and (17) produce:

_ 1 _
J)(z) = E(Ml), (V+1,1)(_Z) = E(u,l),(lﬂrl,l)(_z)a
z2€C; veC and p >0,

(19)

and finally, if oy = p =1, the formula (19) is reduced to

CV(Z) = E((llj))’ (V—I—l,l)(_z) = E1(171)7 (V+171)(_Z), A C7 vV E C. (20)

Thus, all the considered functions in the preceding sections, both the gen-
eralizations of the Bessel and Mittag-Lefller functions, are expressed by the
multi-index Mittag-Leffler functions (13) (and the most of them by (12)), not
only by the Wright generalized hypergeometric functions (14). In what follows
we essentially use these relations.
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5. Integer order derivatives

In order to continue our study, we firstly need some results for the integer order
derivatives.

Recently, it has been obtained by Bazhlekova and Dimovski [1] that the
n-th derivative of the 2-parametric Mittag-Leffler function gives a 3-parametric
Mittag-Leffler function, introduced by Prabhakar (up to a constant), namely

Egjg(z) =l BMEL(2). (21)

Following the analogy, the n-th derivative of the generalized Bessel functions
in Section 2 are calculated. For this purpose we are based on the following
result giving the n-th derivative of the multi-index Mittag-Leffler function (13),
multiplied by a suitable power function (for details and proofs see [16] and [19]).

Theorem 1. Let z € C\(—00,0] be a complex variable and let «;, 5;, Vi, w €
C, Re(a;) >0, Re(Bi,) >0, i=1,...,m, 1 <i9g <m, iy € N, then for any
n € N the following identity holds:

CApm e d\" 5 1, |
Do B wzme)) = (2] P )

i e <
with /Eio = ﬁio —n and /Ez = ﬁi, if 4 75 io.
Remark 2. In particular, as a result of (22), we obtain the following
identities:

D”[zﬁ_lEgﬂ(wza)] = zﬁ_”_lE; gon(Wz%),
ni Bin—11mm o _ Bin—m—11m o
D[P0 By, (g (wa0)] = 220 B (5, (w2, (23)

with Bio = Bi, — n and EZ = B, if i # ig. These results follow, taking
into account (11) and (12), if m = 1, respectively, vy1 = -+ = v, = 1. The
mentioned relations are well known, for which see Refs. [6] and [8].

The results below refer to the n-th derivatives of the generalized Bessel—
Lomel functions (7) and (8). It turns out that, in the most cases, these integer
order derivatives are expressed by functions of the same kind, up to a constant.
Further, due to the relation J&, = J/5, the results obtained can be reduced
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to the 3-parametric generalized Bessel-Maitland functions (5) and (6), up to a
power function.

Theorem 3. Let z € C\ (—o0,0] be a complex variable, and let v, o € C,
q € N, be parameters. Then the following equalities hold true for all the values
of n € Ny :
dn
D" [ J28(2)] =

T den

(277 J24(2)] = 27277 T30, 4 (2), (24)

v—n,o

for Re(v +0 +1) >0,
D[22V = # I, (2VR) (25)

for Re(v + 0 +1) > 0, and

n|._—v/2 , _ o—n +1
D [Z / le/foq(z\/;)} =z E&,l,...,l),(cr—l—u—l—l,a—n-l—l,a-l—l,...,U-l—l)(_z)’ (26)
with Re(o + 1) > 0.
Proof. In what follows we denote for convenience
JRA(2) = (2/2) V"2 J84(2), z#0,
"(2) = (2/2) "F(2) o (27)

THIVz) = 2P IE(2Vz), 2 #0.

Let us start with proving (24). Using the first relation (27), the function
277 J24(2) can be represented as follows
2T INA(2) = 270 (2/2)7FF TR (2) = 27072 2 TRA(2). (28)
Then, in view of (15), applying the formula (22) with w = —1/4, a;, = 2, and
the corresponding f3;, = o + v + 1, we obtain

—0

n | o+v 7 o+v—m 72, < ,
D [Z N JVQ,Z;](Z)] =277 JVZ—qn,a(Z) = WJVQ—qn,a(Z)- (29)

Now, using (28), the equality (24) immediately follows.
Further, for proving (25), we express z*/2 J}4(2,/Z) in an analogical way,
and we obtain: N
22 I H2VE) = 2 TR 2VR). (30)

Then, in view of (16) with w = —1, a;, = 1, and S;, = 0 + v + 1, we can write
down that

D" [o7 Jla(av)| = 2 IR, (2vE) = 2 M (av), (31)

v—n,o v—n,o
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from where

v—n,o

D" ZI//2 Jz},’g@\/z)] — otv—n jyliqn,a(Q\/z) — ZV/an/Q Jl,q (2\/;) (32)

In order to prove (26), we apply the formula (23) for w = —1, o, = 1, and
the corresponding f3;, = o + 1. Then, following the same idea as above, we
obtain consequently

2 JU(2E) = 2 J(2) = 20 TH(2V3),

(=2)"

o
- kzzor(uk+0+u+1)(r(k+a+1))q'

Therefore

D" [ gy | = D |2 T 2vE)|

— ,o-n i (_z)k
— Mpuk+o+v+1)k+o—n+1)(T(k+o+1))a !

_ o—npqtl B
=z E(,u,l,...,l),(0+1/+1,07n+1,0+1,...,a+1)( Z)’

which proves (26). O

Remark 4. Putting g =1 in the equalities (24), (25) and (26), they give
the corresponding results for the functions (5) and (6).

Corollary 5. Let z € C\ (—00,0] be a complex variable and let v € C be
a parameter with Re(v+ 1) > 0. Then the following equalities hold true for all
the values of n € Ny :

D" |20, 2v3)| = 2R (aE) = TR, (20E). (33)

Proof. The truthfulness of (33) immediately follows from (25), taking ¢ = 1
and o = 0. O

Theorem 6. Let z € C\ (—00,0] be a complex variable and let u, v, be
the parameters, satisfying the conditions @ > 0, v € C. Then the following
equalities hold true for all the values of n € Ny :
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DI ()] = 2R gL, L (2V7), (34)

and
D" [2"C, (2)] =2"""Cy_p(2) with Re(r+1)>0. (35)

Proof. Bearing in mind that J}' (z) can be obtained from (12) taking a; = 1,
B1 =1, a9 = pand By = v+1, we apply (23) with oyj, =1, i, = l and w = —1.
Before proving (34), we firstly note that its left-hand-side can also be written
in the next form:

e e (—2)F
D" [J) ()] = = kzo Llk—n+1)T(uk +v+1) (36)

= Z_n ‘Zl/trn,fn (2\/2)
Then, in view of (27), it follows
Dn [lej (Z)] = zf(u+n)/2 ng‘Jrn,fn (2\/E)7

which proves (34).
Further putting 4 = 1 in J' leads to C,. Applying after that the second
formula (23) with a;, = 1 and §;, = v + 1 leads to the following result

L (—2)*
Dn I/CV — v—m
[y (2)] = = ];) T+ DI(k+v—n+1) (37)
=2"""Chp (2).
Thus the correctness of (35) follows. O

In particular, taking ;= 1 in (34), Theorem 6 gives result referring to the
classical Bessel-Clifford functions, i.e. we produce the following corollary.

Corollary 7. Let the variable z € C\ (—00,0] and the parameter v € C.
Then the following equalities hold true for all the values of n € Ny and z # 0 :

D"Cy(2) = [Cy(2)] ™) = 2= gL, (2V/%). (38)
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Proof. Putting u = 1, the function J}'(z) becomes C,(z). Therefore the
following logical conclusions can be deduced from (4) and (34):

D"Cy(2) = [Co(2)]™ = [Jh(2)]™ = 2= gL (272),

which complete the proof. ]

Another interesting result, connecting the multi-index function (13) and the
n-th derivative of (12) is formulated below.

Theorem 8. Let «;,f;,z € C and let Re(a;) > 0 fori =1,...,m. Then
the following equality holds true for all the values of n € Ny:

D" By, () (w2)] = w" T(n + 1) EQY L (w2), (39)

withy =n+1, 9=+ =7, =1.

Proof. The result has been proved for w = 1 in [20]. The proof for (39) is
completely similar (it can be also made as the n-th derivative of a composite
function) and because of that details are omitted. O

Remark 9. Taking m = 1 and w = 1, the equality (39) gives the relation
(21), obtained by Bazhlekova and Dimovski in [1].

Further, the corresponding results for the 2-; 3-, and 4-index generalizations
of the Bessel functions are given.

Theorem 10. Let z be a complex variable and let u, v, o be the param-
eters, satisfying the conditions v, 0 € C, > 0. Then the following equalities
hold true for all the values of n € Ny :

D" [0 g(2v3)] = (-1 T+ 1) B0 (=), (40)
for z # 0 and with
ar=fp,op=-=0gr=Ln=n+tlyp==vn=1 (41)
51 =o+4+v+1+npu, 52:--- :Bqﬂ =o0+n+1,
n dn n

DI = o RG] = (C)" (), 2€C (42)

and p
D*[Cy (2)] = = [Cv ()] = (=1)" Copnp (2), 2 €C. (43)
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Proof. Let us begin with the proof of (40). Using (16) and (39) with w =
—1, along with it, we have

—v/2—0 , _ +1
D [0 i (2v2)] = D" [BEL vt oy (7))

— (_1\" (%‘),qj—l _

(44)

with the same «;, BZ-, viasin (41) (i=1,...,9+1).
In order to prove (42), we use (19) and (39) with w = —1, and we obtain

D™ Ji(z) = D" Eg1y, (v41,1)(—2)

o (n+1,1),2 o (45)
=(-1)"T(n+1) E(H71)7 (nptv+1,n+1) (=2)=(-1) J5+nu (2),
which is exactly (42).
Now, if we put p =1 in the formula (42), it is reduced to (43). O

Corollary 11. Let z be a complex variable and let u, v, g be the pa-
rameters, satisfying the conditions v € C, u > 0, ¢ € N. Then the following
equalities hold true for all the values of n € Ny :

D" [z—yﬂ HE@VE)] = (OB o (<2), 2 £ 0, (46)
with
Qp = [y, =+ = Qgq1 = 1,
_ ~ L (47)
Br=v+1l+nu,Bo=14+n,-= P41 =1+n.
Proof. It immediately follows taking o = 0 in (40) and (41). O

Remark 12. Putting ¢ = 1 in the equalities (40), and (46), they give
the corresponding results for the three-parametric generalized Bessel-Maitland
functions (6).

6. Fractional Riemann—Liouville
integral and derivative

The most popular definition for integration of arbitrary (i.e. not obligatorily
integer) order A € C (Re(\) > 0) is the Riemann-Liouville (R-L) fractional
integral [25]
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1
1 )\
RM(2) = () A f(er)dr. (48)

The corresponding Riemann—Liouville fractional derivative of order A is
defined as a composition of a derivative of integer order and an integral of
fractional order of the form (48), namely:

DA f(z) :== D" R" A f(2), (49)

where n := [Re(\)] + 1 > Re(\), [Re()\)] = integer part of Re(\).

For the theory and applications of the fractional Riemann—Liouville integral
and derivative, as well as of other integral and differential operators of fractional
calculus (FC), see the FC encyclopedia [25] and monograph [7], for the evolution
and development of FC, see [15]. For miscellaneous useful applications of a
number operators of FC, see also the recent survey paper [2].

Theorem 13. Let the variable z € C\ (—o00,0] be a complex variable and
let oy, Bi, Vi, w, A € C, Re(a;) > 0, Re(B;,) > 0, Re(A\) >0, i =1,...,m,
1 <ig <m, ig € N. Then the following identity holds:

R)\I:ZﬂzoflE((ligi?zz)(wzalo )] — ZBZOJF)\ 1E((Zz))7(ﬁl)(wzai0)’ (50)

with B, = Bi, + X and  B; = i, if i # ig.

Remark 14. In particular, as a result of (50), we obtain the following
identities:

RMPTE] p(we)) = 2" L (wa),

R)\[Z&OilEEZi)v(ﬁi)(wzaio )= ZiotA-tpm wz®0), (51)

(evi), (51)(
with Eio = fi, + A and EZ = f3;, if i # ig. These results follow, taking into
account (11) and (12), if m = 1 respectively 7, = - -+ = vy, = 1. The mentioned
relations are well known, for which see Refs. [6] and [8].

Using the relations in Section 4 along with Theorem 13, allows us to obtain
the corresponding results connected with the functions of Bessel type.
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Theorem 15. Let z € C\ (—o0,0] be a complex variable and let p, v be
the parameters, satisfying the conditions p > 0, v, A\ € C and Re(\) > 0. Then
the following equalities hold true:

R)\ [Z—cr Jzi’crq(z)] — 2>\Z—Cf sz)no(z)7 (52)
R [z"/Q J,};g(Q\/E)] = /N2 gL (94/7), (53)

if additionally Re(oc +v+1) > 0. If Re(o + 1) > 0, then

A —v/2 g, oA gl
RNz Jﬁfﬁ(%/Z)] =27" E((L,l,...,l),(U—l—y—l—l,o‘—l—)\—f—l,o‘—f—l,...,U—I—l)(_z)' (54)

Proof. In view of (28) we can write
270 J2(z) = 270 240 2 (). (55)

Applying after that the formula (50) for w = —1/4, o;, = 2, and the corre-
sponding f3;, = o + v + 1, we have

2>\ —o
g% (2).

ot+v T o—T+V ~27
» [Z + J,f;,q(z)] = 7N TR () = ) Jrire

V4o

Now, using (55), the equality (52) immediately follows. The proofs of (53) and
(54) follow the same idea and they are omitted. O

Remark 16. Putting ¢ = 1 in the equalities (52), (53) and (54), they give
the corresponding results for the 3-index functions (5) and (6).

Corollary 17. Let z € C\ (—o0,0] be a complex variable and let A\, v € C
be parameters, with Re(\) > 0 and Re(v+1) > 0. Then the following equalities
hold true

R[22 ,(27)| = 2R 0L (0VE) = 2R g, 207). (56)

Proof. 1t follows by (53) taking ¢ =1 and o = 0. O
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Theorem 18. Let z € C\ (—00,0] be a complex variable and let A\, u, v
be the parameters, satisfying the conditions u > 0, A\, v € C, Re(\) > 0. Then
the following equalities hold true

RMJE (2)] = 2 N2 (2v7), (57)

and
RM2YC, (2)] = 2" Cypr (2)  for Re(v+1)>0. (58)

Proof. Since J! (z) can be obtained from (12) takingay =1, 81 = 1, aa = 1
and B2 = v + 1, we apply the second formula (51) with «;, = 1, 5, = 1 and
w = —1. Before proving (57), we firstly note that its left-hand-side can also be
presented as follows

R ()] = 2 kzo T(k+ A +(1)quk Yv+l) DA @VE) (59)

Then, in view of (27), it follows
RMJL (2)] = =V 08 L (2V5),
which proves (57).

Further putting i = 1 in JJ' leads to C,,. Applying again the second formula
(51) with oy, =1 and 3;, = v + 1 leads to the following result

oo ok
RM2YCy(2)] = 27 kZ:O O 1)F((k +) ES ey 2 ACuia(2). (60)

Thus the correctness of (58) follows. O

In particular, taking p = 1, Theorem 18 gives a result referring to the
classical Bessel-Clifford functions, i.e. we produce the following corollary.

Corollary 19. Let the variable z € C\ (—o0,0] and the parameter v € C.
Then the following equalities hold true

RAC,(2) = V2 gL, L (2V5). (61)
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Other result, which we consider, refers to the Riemann—Liouville derivative
of the multi-index Mittag-Leffler function (13) (for details and proof see [16]
and [19]).

Theorem 20. Let z € C\(—o0,0] be a complex variable and let «;, B;, i,
A€ C, Re(a;) >0, Re(Biy) >0, Re(A\) >0, i=1,...,m, 1 <iyp<m,ig €N,
then the following identity holds

D)\[Zﬁio—lE((lgz%i)(wzaio )] = SBig=A= IE((Z)) (61)(0.120”0), (62)

with B; = B, if i #io, and B, = Bi; — A

Remark 21. In particular, as a result of (62), we obtain the following
identities:

DA EY slwz®)] = ZPA= 1E7 _y(wz%),

DA B (5 (w2%0)] = 202 1E&) 3y @z), (63)
with EZ-O = B, — A and BZ = B, if i # i9. These results follow, taking
into account (11), if m = 1, and respectively (12), if vy = -+ = v, = 1. The
mentioned relations are well known, for which see Refs. [6] and [8].

Theorem 22. Let z € C\ (—o00,0] be a complex variable and let v € C
be a parameter. Then the following equalities hold true

D 277 J2A(2)] = 272270 20 (2), (64)
M I VR = 2N (2V), (65)

if additionally Re(oc +v +1) > 0. If Re(oc + 1) > 0, then

(66)

| _—v/2 , _ A +1
DM |7/ J,jg(Q\/E)] =27 B 1), (o ot L o, o) (T2

Proof. Using (27), the function z~7 Jod(z) can be expressed as follows

2T T2 (z) = 27V TR0 O J24(z), (67)

W,
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Then, in view of (15), applying the formula (63) with w = —1/4, a;, = 2, and
the corresponding f3;, = o + v + 1, we obtain
—o

ot+v T ot+v—X\ 72, z ,
D)\ |:Z + JVZ,ZTq(Z)i| = Z + A JVZ_q)HO_(Z) = WJVZ—Q)\,U(Z)' (68)

Now, using (67), the equality (64) immediately follows.

Further, proving (65), we express z*/2 J,}jg(Q\/E) in an analogical way, and
we obtain:

22 ILA(2VE) = 0 T8, (69)
Then, in view of (16) with w = —1, a;, = 1, and S, = 0 + v + 1, we can write
down that
DM o7 Jha(av/E)] = 27 TR (2vE) = P2 I (av), (70)
from where
DA [zu/2 Jz},’aq(Q\/E)] — V/2-A/2 Juliq)\,a(Q\/E)’ (71)

In order to prove (66), we apply the formula (63) for w = —1, o, = 1, and
the corresponding f3;, = o + 1. Then, following the same idea as above, we
obtain consequently

2 JEA2z) = 2T 2P T2y Z) = 27 T(2V/7),

_ o - (_Z)k
- kzor(uk+a+u+1)(r(k+a+1))q'

Therefore
DM [ a2z = D [+ R

— ZO’—>\ i (_Z)k
— F'pk+o+v+1DI'(k+o0o—-A+1)(T(k+o+1))2!

o—A g+l -
E(u,l,...,l),(cr+u+1,cr—)\+1,a+1,...,U-I—l)( z),

which proves (66). O

=2z

Remark 23. Putting ¢ = 1 in the equalities (64), (65) and (66), they give
the corresponding results for the corresponding 3-parametric functions (5) and

(6).
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In particular, if ¢ = 1 and o = 0, the formula (65) produces a result for the
classical Bessel function. Namely, the following corollary can be formulated.

Corollary 24. Let z € C\ (—00,0] be a complex variable and let v be the
parameter, satisfying the conditions v € C, Re(v + 1) > 0. Then the following
equalities hold true

Mg vE)| = I ((2V7) = 2PN (2. (72)

Theorem 25. Let z € C\ (—o00,0] be a complex variable and let u, v
be the parameters, satisfying the conditions v € C, u > 0. Then the following
equalities hold true

DM (2)] = = WV L\ (2V3), (73)

and
DM2YC, ()] = 22 Cy_x(2), for Re(v+1)>0. (74)

Proof. Expressing J} (z) from (12) with g = 1, 1 = 1, as = p and
P2 = v + 1, and applying after that the second formula (63) with a;, = 1,
Bi, =1 and w = —1, we obtain

o0 k
J;L —)\ Z)
D7 ZI‘k A+ DI (pk+v+1) (75)
= _)\ lef+,\ 2 (2v2).
Then, in view of (27), it follows

DM (2)] = = VR I (2V3),

which proves (73).
Further setting p = 1 in J} gives C,. Applying again the second formula
(63) with oy, =1 and S, = v + 1 leads to the following result

v _ 1/ )k
DMCy () = )\Z I'(k+1)r k—i—l/—)\—i-l) (76)
= 2V ’\C,,,A (2).

Thus the correctness of (74) follows. O
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In particular, taking u = 1, Theorem 25 gives a result referring to the
classical Bessel-Clifford functions, i.e. we produce the following corollary.

Corollary 26. Let z € C\ (—o0,0] be a complex variable and the param-
eter v € C. Then the following equality holds true

DACy(z) = = V2 L (2V2), (77)

Another interesting result, also connected with the differentiation of an
arbitrary order, is given by the theorem below.

Theorem 27. Let oy, f3;, X € C and Re(a;) >0 fori=1,...,m, and let
also 0 < Re(A\) <1,n €N, and A =n — 1+ \. Then it holds

DN By, 5 (w2)] = w" T DO+ DETY o (wz) (for arg2| < 7). (78)

with parameters EZ =pfi+n—1Na;and vy =A+ 1,79 =-+- =7, =1

Proof. The proof of this theorem is omitted, because it follows completely
the same idea as that for w = 1 (for details see [20]). O

Further, if 0 < Re(\) < 1, then n =1, w1 =1, A=\ and f3; = 3. Then
the following corollary can be produced.

Corollary 28. Let z € C\ (—00,0] be a complex variable and the pa-
rameters v € C, ay, i, A € C and Re(a;) > 0 for i = 1,...,m, and let also
0 < Re(\) < 1. Then the following equality hold true

DBy, 5y (w2)] = DO+ DE 5 (w2)  (for [argz| <7),  (79)

with parameters y1 = A+ 1,72 =+ =7, = 1.
Remark 29. Ifm =1 in the equalities (78) and (79), then they give the
corresponding relations for the functions (11) and the derivative of order \ of

the function (3). More precisely, (78) and (79) are reduced to

DB, p(w)] = w ' T(A + 1)E” S(w2) (for |argz| <), (80)
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with parameters 8 = 3 + (n — 1) and v = X + 1, respectively
DM E, p(wz)] = T(A + DE! p(wz) (for |arg z| < ), (81)

with parameter v = X\ + 1.

Theorem 30. Let oy, B, A € C and Re(a;) > 0 for i = 1,...,m.
Moreover, let 0 < Re(\) < 1. Then

RNz By, 5 (@2)] = T = N EQY) (5 (w2)  (for [arg 2| <),  (82)
with parameters vy =1 — A,y =+ =v, = L.

The theorem is proved in [20]. As a corollary, taking m = 1 in Theorem 30,
the corresponding result for the functions (3) and (11) can be formulated.

Corollary 31. Let o, 8, A € C, and let Re(a) > 0 and 0 < Re(\) < 1.
Then

RNz Ey p(w2)] =T(1 - \) Eé_ﬁ)‘(wz) (for |arg z| < 7). (83)

Now, the corresponding results, referring to the Bessel type functions can
be obtained due to the relations in Section 4, and they are given below.

Theorem 32. Let oy, B;, A € C and Re(a;) > 0 for i = 1,...,m.
Moreover, let 0 < Re(\) < 1. Then

— 7)\7
R = T = X) Bl (-2)

PNREPV gl (V160 S e (s4)

f :
P K'T(uk +v+1) (k)2 (for |arg z| < )

Proof. Using the formulae (19) and (82), we have
RNz (2)] = RNz By e, (—2)]

o (1-X21)
=T'(1-Xx E (VH’I)(—Z)

_ o (=N (=2)"
=T=X kzo kU T (uk fufn (kN2

which proves the theorem. O
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In the particular case, if ¢ = 1 and v = —\, Theorem 32 produces the
following corollary for the Bessel-Clifford functions.

Corollary 33. Let a;, i, A € C and Re(oy;) > 0 for i = 1,...,m.
Moreover, let 0 < Re(\) < 1. Then

RMz"2C_5(2)] = Co(2) (for |arg z| < ). (85)

Proof. Using the formulae (19), (20) and (84), we have
RMN"MCa(2)] = RM7 L (2)]

_ — (1= (2"  S(=2)F
=T=A kzzok! T(k +k1—kA) (k)2 =2 gz~ Col2)

which proves the corollary. U

In conclusion, we can summarize that this survey paper refers to various
differential and integral relations in the class of the multi-index Mittag-Leffler
functions. More precisely, a part of them connects the derivatives and integrals
of the 2m-parametric Mittag-Leffler functions with the 3m-parametric Mittag-
Leffler functions, and the other part is between functions with the same number
of indices. As special cases the relations are for different representatives of this
class, all of them of Bessel type. In general the result of differentiation and
integration of a multi-index Mittag-Leffler function is also a function of the
same class (up to a constant and a power function). However, for the Bessel
type functions the facts are sometimes different. There are three groups of
results given.

The first group consists of relations, where the results of differentiations and
integrations are expressed by multi-index Mittag-Leffler functions but they in
particular are not of Bessel type. In the second group the relations are between
Bessel type functions with different number of indices, and in the third group
they are with the same number of indices.

There are obtained interesting relations between the integrals and deriva-
tives of the 4-index Bessel type functions J/7, given by (7) and (8), on the one
hand, and the multi-index Mittag-LefHler functions (12) and (13) on the other
hand, and also between (7) and (8) and the corresponding high-order derivatives
and fractional Riemann-Liouville integrals and derivatives of them. In particu-
lar, for ¢ = 1 the results refer to the 3-index functions (5) and (6). We emphasize
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that there are given simple relations between the 3-index generalized Bessel-
Maitland functions (6) and the corresponding fractional Riemann-Liouville in-
tegrals and derivatives of the 2-index Bessel-Maitland functions J}'(z), defined
by (4). More precisely these integrals and derivatives are expressed by the 3-
index functions (6), up to matching power functions. Besides, the derivatives
of integer order n of (4) can also be expressed by a function of the kind (4),
multiplied by the constant (—1)". Finally, the results for the classical Bessel
and Bessel-Clifford functions merely follow as corollaries.
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